The generalized coupled Korteweg-de Vries (GCKdV) equations as one case of the four-reduction of the Kadomtsev-Petviashvili (KP) hierarchy are studied in details. The Painlevé properties of the model are proved by using the standard Weiss-Tabor-Carnevale (WTC) method, invariant, and perturbative Painlevé approaches. The meaning of the negative index k = −2 is shown, which is indistinguishable from the index k = −1. Using the standard and nonstandard Painlevé truncation methods and the Jacobi elliptic function expansion approach, some types of new exact solutions are obtained.
Introduction
Physical systems are frequently characterized by nonlinear differential equations. The integrability of a nonlinear partial differential equation (PDE) is an interesting topic in nonlinear science. The fact that the Painlevé analysis arises as a solving method of many nonlinear systems is known for quite some time [1] . As is known, the Painlevé analysis developed by WeissTabor-Carnevale (WTC) [2] not only is one of the most powerful methods to prove the integrability of a model, but also can be used to find some exact solutions [3] . Later, the WTC approach has been generalized by R. Conte [4] , A. Pickering [5] , and S. Y. Lou [6] in some ways in order to find more exact and explicit solutions of nonlinear PDEs.
A partial differential equation is said to possess the Painlevé property, if the solutions of the PDE are single-valued about the movable singularity manifold. To be precise, if the singularity manifold is determined by f (z 1 , ..., z n ) = 0,
and u = u(z 1 , ..., z n ) is a solution of the PDE, then we assume that
where f = f (z 1 , ..., z n ) and u k = u k (z 1 , ..., z n ) (u 0 = 0) are analytic functions of the variables z k in a 0932-0784 / 05 / 0500-0313 $ 06.00 c 2005 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com neighborhood of the manifold (1), and α is an integer. Substituting (2) into the PDE determines the value of α and defines recursion relations for u k (k = 0, 1, 2, ... ).
If the ansatz (2) is correct, the PDE is said to possess the Painlevé property and is eventually conjectured to be integrable. Such an analysis first requires a choice of the expansion family (or branch). This implies a selection of the leading order exponent α and the leading order coefficient u 0 . For each family, there is a set of indices, or resonances, which give the values of k for which arbitrary coefficients should be introduced into (2) . Here a maximal family is used to denote any family with a number of indices equal to the order of the equation(s) being considered, while a principal family is any family with all the resonances of nonnegative integers, except −1, which should occur once only. As is known, the so-called standard Painlevé analysis [2] is suitable only for a PDE which has a maximal principle expansion family.
In case that there are not enough arbitrary coefficients, the Painlevé expansion (2) only represents a particular or even singular solution. This may happen for a number of reasons, a nonmaximal family, a noninteger index, or a negative integer index distinct from −1. In order to deal with such questions, the method presented in this paper is a perturbative Painlevé analysis [7] , which guarantees an arbitrary coefficient for each index.
In this paper, we are devoted to study the Painlevé property for the generalized coupled Korteweg-de Vries (GCKdV) equations. It is organized as follows. In Section 2, we explore the GCKdV equations by the standard Painlevé analysis, and find that the considered system has a nonprincipal but maximal expansion family. In Section 3, we give the corresponding arbitrary function for the negative integer k = −2 by using the perturbative Painlevé method, i. e., the remaining problem of the preceding section is settled. By applying some different expansion methods, several exact solutions for the GCKdV equations are given in Section 4. And the last section contains a short summary.
Standard and Invariant Painlevé Analysis for GCKdV Equations
It is shown that the GCKdV system,
introduced by J. Satsuma and R. Hirota [8] , is a special case of the four-reduced Kadomtsev-Petviashvili (KP) hierarchy. Using a bilinear transformation method, it has been studied by many authors [8, 9] , who also have shown that the soliton solutions can be derived from those of the KP equation. According to the standard WTC method, if the system is Painlevé integrable, then all the possible solutions of the system can be represented as
with sufficiently many arbitrary functions u k , v k , and
, and w k = w k (x,t) are analytical functions in the neighborhood of f (x, t) = 0, and α, β , and γ should be the negative integers. In other words, the solutions of the GCKdV equations are single-valued on an arbitrary singularity manifold f . Substituting (4) into (3) and using a leading-order analysis, it is found that the GCKdV equations possess two expansion families. The first one, the so- While for the second expansion branch, the leadingorder analysis uniquely gives
and w 0 is an arbitrary function. Collecting terms containing u k , v k , and w k , the recursion relations for u k , v k , and w k are found to be
6 f x w 0 u k (6) - (8), putting to zero the coefficient determinant of u k , v k , w k , we find that the resonances occur at
The resonance for k = −1, corresponds to the arbitrary singularity manifold ( f = 0). If the GCKdV system is Painlevé integrable, the resonance conditions for k = −2, 0, 2, 3, 4, 6, 7, 8 must be identically satisfied such that the other eight arbitrary functions among the u k , v k , w k can be introduced into the general expansions (4). The whole Painlevé analysis of PDEs is shown to be invariant [4] under an arbitrary homographic transformation of the singularity manifold f . The best expansion function is
Considering the complexity of the GCKdV equations, we simply perform the invariant Painlevé analysis in the gauge S = 0, which will greatly shorten the expressions for the coefficients of the expansion. So the Riccati system [4] satisfied by the function χ automatically becomes
with C = − f t / f x , and the meanings of S and C are explained clearly in [4] . Automatically the crossderivative condition on the Riccati system is C xxx = 0.
Then applying the invariant analysis for the GCKdV equations with help of the software Maple, we find
C xt , Based on the previous results, it is obvious that except f only seven other arbitrary functions are found, which also means that using the singular manifold method fails to find out an arbitrary coefficient for resonance k = −2. In other words, the general Painlevé expansion (4) only represents a particular solution.
Observing the characters of the resonances (9), we get that the considered GCKdV system has a maximal but nonprincipal family. In order to solve this problem, in the next section we use the perturbative Painlevé analysis [7] to find an arbitrary function for the resonance k = −2, which extends the particular solution (4) into a general one.
Perturbative Painlevé Analysis for GCKdV Equations
In [7] , R. Conte, A. P. Fordy and A. Picking have further improved the Painlevé test such that negative indices can be treated. In this section, we seek a Laurent expansion for a solution near the solution obtained by the standard Painlevé method in Section 2. We do this by considering a so-called perturbative expansion. For a nonprincipal but maximal Painlevé family, the perturbation extends the particular solution into a representation of the general solution.
Let us denote the Painlevé expansion (4) as (u (0) , v (0) , w (0) ), and look for a nearby solution formally represented by an infinite perturbative series in a small parameter ε not occurring in the equations itself
At zeroth order, the expansion depends on the eight arbitrary functions ( f , w
From the invariant Panilevé analysis, the truncation at the constant level is
At first order, we consider the assumption
Substituting ansatz (12) into the left hand side of GCKdV equations (3), selecting terms containing ε, and then putting to zero the coefficients of f −6 , i. e., the lowest-order terms of the expansion variable f , we obtain
(15) Solving the equations (13) - (15), we get
and U 1 is an arbitrary function, which turns up as the ninth arbitrary function from the resonances for k = −2. Therefore all of the resonance conditions with nine arbitrary functions are identically satisfied, which simultaneously means that the particular solution has already been extended into a representation of the general solution by the perturbative Painlevé approach.
Exact Solutions for GCKdV Equations
In this section according to the results of the previous Painlevé studies, we investigate several new types of exact solutions for the GCKdV equations. First, we use the standard truncation of the WTC expansion to find some exact solutions of the GCKdV system.
Standard Truncation Expansion
The standard truncation form of the WTC Painlevé expansion reads
which evidently is a Bäcklund transformation if {u 2 , v 2 , w 2 } is selected as a known solution of the GCKdV equations (3). For simplicity, we fix the seed solution as
Substituting (17) with (18) into (3) and putting all the coefficients of the different powers of f to zero, we have
and w 0 is an arbitrary function. A new soliton solution can be obtained by choosing proper expressions of the expansion variable f and the arbitrary function w 0 . For f = 1 + e (kx+ωt) and w 0 = a f xx , the solution
The substitution of the above solution in (3) gives that a = − 1 2 k 2 , and
Periodic Jacobi Elliptic Function Expansion
Recently Liu et al. [10] used three Jacobi elliptic functions (sn(ξ ), cn(ξ ), and dn(ξ )) to construct exact periodic solutions of some nonlinear evolution equations. The expansion method has been further developed into extended ones and also widely applied by Yan [11] , Fan [12] , Ye [13] , etc. Two types of periodic wave solutions with Jacobi elliptic function sn(ξ ) for the considered GCKdV system has been given by Fan [14] in the form
where ξ = αx − ωt, a i , b i , c i , α, and ω are constants to be determined later. The parameters p, q, and m can be determined by the homogeneous balancing method.
In a similar way, we can obtain periodic wave solutions for the GCKdV equations by taking the expansion functions as cn(ξ ), dn(ξ ), and
. (i) For the Jacobi elliptic function cn(ξ ), we obtain
with α, ω, b 0 , c 0 being arbitrary constants. Here we use k to denote the elliptic modulus parameter (0 ≤ k ≤ 1), and
where ξ = αx − (ii) Taking dn(ξ ) as the expansion variable, we find
with α, ω, b 0 , c 0 being arbitrary constants, and
where
t, and all these parameters possess the same definition as in the solution (21).
(iii) And for
, we have the solutions
with ξ = αx − α[3a 0 + 2α 2 (2k 2 − 2)]t, a 0 , b 0 , c 0 and α being arbitrary constants, and
t, α, c 0 , b 0 = 0 and b 1 = 0 are arbitrary constants.
Since dn(ξ ) → sech(ξ ), and sn(ξ ), cn(ξ ) → tanh(ξ ) as k → 1, the periodic solutions (20) -(25) exactly converge to soliton solutions.
(iv) Actually, the summation exponent i of the expansion (19) can range from −p → p, −q → q, and −m → m, i. e. the expansion can be rewritten as
(26) The following is a simple proof of the expansion (26) by randomly choosing φ as dn(ξ ). The parameters p, q, and m can be determined by the same method as in the previous section. Thus the system admits the following ansatz:
,
(27) Substituting (27) into (3) and using the software Maple, we obtain three periodic wave solutions
where a 0 , c 0 , b 0 = 0, and b 4 = 0 are arbitrary constants. Taking dn(ξ ) as the expansion variable, the solution u 2 (23) is plotted in Fig. 1 by choosing specific convenient values of the arbitrary constants α, b 1 and the modulus parameter m. It is evidently shown in Fig. 1 that u 2 is really a periodic solution involving time t. And the solution v 2 (25) is plotted in Figure 2 . From the picture we can find that v 2 (25) is a periodic function.
Extended Truncation Expansion
Because the singularity manifold in the usual Painlevé analysis is arbitrary, one may expand a field in many different forms. Starting from some different expansions, one may take different truncation procedures to get additional solutions. In [6] , S. Y. Lou has introduced a simple new expansion for many known integrable and nonintegrable models. We look for the solutions of the form
w =
Summary
In this paper, the standard and the perturbative Painlevé analysis are used to study the generalized coupled Korteweg-de Vries (GCKdV) equations. The expansion branch at the resonance k = −2 is discussed, which obviously shows that the GCKdV system is Painlevé integrable and that one obtains a new Bäck-lund transformation different from that of the branch (−1). Using this new Bäcklund transformation, we derive a new soliton solution of the system. By the use of the Jacobi elliptic functions expansion method, several types of periodic wave solutions are obtained. And in the limiting cases for the modulus parameter k → 1, they exactly converge to soliton solutions. Furthermore, applying the method of S. Y. Lou, four types of new solutions of the GCKdV system are also given. Actually the perturbative Painlevé approach can be applied to many other nonlinear wave equations, as long as the nonlinear equations possess nonprinciple but maximal Painlevé expansion families.
